This note offers a conceptually straightforward and efficient way to formulate and solve problems in the electromagnetics of moving media based on a representation of Maxwell's equations in terms of differential forms on spacetime together with junction conditions at moving interfaces. This framework is used to address a number of issues that have been discussed recently in this journal about the theoretical description underlying the interpretation of the Wilson-Wilson experiment.
Although the techniques to be outlined can be applied generally the strategy for finding exact solutions for the fields inside uniformly rotating media in static uniform fields often relies on exploiting simple geometries for the dielectric domains or expanding solutions as a perturbation in powers of v/c where v is a maximum speed of the periphery of the domain.
However for an infinitely long rigid homogeneous dielectric cylinder in an external magnetic field one may find an exact (relativistic) solution. Although the Wilson-Wilson cylinder had a finite length the effects of the cylinder's ends on the observed potential difference were presumably negligible since in the non-relativistic limit the exact solution reduces to this observed value.
By comparison in the Röntgen and Eichenwald 3 experiment a much shorter dielectric cylinder (disc) was rotated in a uniform static electric field directed along the axis of rotation and an induced magnetic field was detected. In order to demonstrate the solution strategy in this situation we consider instead a uniformly rotating dielectric sphere since this has a single smooth interface instead of the three interfaces of the rotating disc of finite thickness.
Section II briefly outlines the history leading to the debate about the theoretical descrip- In Section V the same strategy is applied to the problem of finding the electromagnetic fields inside and outside a uniformly rotating sphere in an external uniform static electric field.
Section VI presents our conclusions.
II. THE WILSON-WILSON EXPERIMENT AND THE DEBATE SURROUNDING ITS VALIDITY
In 1908 Einstein and Laub 4 used the new theory of special relativity to predict the fields induced in a dielectric slab moving in a straight line in an external, constant electric field.
In a footnote, the authors noted that the theory could be extended to a material with a cylindrical shape. In 1913 Wilson and Wilson 1 performed their classic experiment in which a dielectric cylindrical shell, of internal and external radii r 1 and r 2 respectively, rotated with constant angular speed Ω about its axis of symmetry in a uniform static magnetic field directed along its axis. A diagram of the set-up is shown in Figure 1 .
They then measured the potential difference V 12 across the inner and outer radii. Following from the calculation in Ref. 4 for the dielectric slab, they argued that (in modern SI units):
where ǫ r and µ r are the relative permittivity and permeability of the cylinder and B 0 is the magnitude of the external magnetic field. The magnitude of the radial electric field generating Eq. (1) is
in conformity with the observed radial potential difference. However doubts were raised in Ref.
2 about the methodology of extending the results for the linearly moving dielectric slab to a situation where the medium was not in translational motion. The argument hinged about extending the use of the Lorentz transformation formulae that related fields in different inertial frames to rotating systems that were only considered to be "instantaneously at rest" in an inertial frame. Instead an alternative approach using rotating frames of reference was
proposed that predicted the magnitude of the induced radial electric field to be: frames"is then used to justify the concordance between the results obtained for the linearly and rotating dielectric by an appeal to the "electrodynamics in a rotating frame using general relativity". 10 We find this approach somewhat contrived in as much that in order to achieve this concordance it is necessary to employ field conditions that ultimately follow from solving
Maxwell's equations in the inertial (laboratory) frame subject to boundary conditions at the interface with the rotating dielectric.
In Hehl In this paper it is argued that many of the conceptual issues about the use of non-inertial frames in special relativity are really irrelevant if one approaches the electromagnetics of a moving medium in terms of tensor fields on spacetime. The potential difficulties reside, not in transforming electromagnetic fields between different frames of reference, but in finding
techniques to solve what are often difficult boundary value problems in the laboratory frame, and being fully convinced about the validity of the assumed constitutive properties of the medium when it is at rest in any inertial frame.
The approach below circumvents these issues by working with a pair of 2−forms, F and G on spacetime, the relation between them in the vacuum and inside an arbitrarily moving homogeneous, isotropic, non-dispersive medium and their orthogonal decompositions relative to local observers. Besides being computationally efficient this allows one to address in what sense it is acceptable to consider whether points in a rotating medium can be regarded as instantaneously at rest in some local inertial frame of reference. Maxwell's equations for an electromagnetic field in an arbitrary medium can be written in terms of exterior derivatives and differential forms on spacetime:
III. ELECTROMAGNETIC FIELDS IN SPACETIME
where F is the Maxwell 2-form, G is the excitation 2-form and j is the 3-form elec- A unit future-pointing timelike 4-velocity vector field U on spacetime may be used to describe an observer frame. The electric 1−form field e U and magnetic induction 1−form field b U associated with F in the frame U are defined by
Thus, in terms of the contraction operator i U , i U e U = 0 and i U b U = 0 and since g(U, U) = −1, one has the orthogonal decomposition of F relative to U:
The 1−form U is related directly to the vector field U by the metric and defined by the relation U(X) = g(U, X) for all vector fields X.
The displacement 1−form field d U and the magnetic 1−form field h U associated with G are defined with respect to U by
Thus
and i U d U = 0 and i U h U = 0. It follows from these definitions that
where
The arbitrary motion of a spatially compact medium can be described by a unit timelike (future-pointing) 4-velocity vector field V on the history of the medium in spacetime. A simple non-conducting, non-dispersive isotropic medium can be characterized by the scalar field permittivity ǫ = ǫ r ǫ 0 and scalar field permeability µ = µ r µ 0 and the constitutive relations
In terms of F , G and V these relations take the covariant form:
A vector field in spacetime assigns a direction (tangent vector) to each event in spacetime.
Curves in spacetime with any of these tangent vectors constitute the integral curves of the vector field. Integral curves of the frame field U, with tangents pointing to the future, but at some event p in spacetime their integral curves share the same tangent then it is sometimes said that V is instantaneously at rest at p with respect to the timelike frame U.
Clearly not all points in a rotating medium can be instantaneously at rest with the same event in any inertial frame. These mathematical idealizations enable one to understand the physical assumptions behind the particular constitutive relation in Eq. (11).
In the introductory section of Ref. 
where the bound 4−current 3−form
in terms of bound current 2−forms J U and bound charge 3− forms ρ U and
in terms of the polarisation 1−forms p U and magnetisation 1−forms m U in the frame U.
A moving interface between a medium and the vacuum in space gives rise to a hypersurface Φ = 0 in spacetime describing the interface history of the medium. If there are no free sources, j = 0, then the Maxwell equations above imply: 3−vector notation these relations become
at the interface with unit normal N U and v N U = v · N U the normal component of the 3−velocity v there.
In general finding solutions of Eq. (4) in different domains with different constitutive
properties, that match across moving interfaces in some frame according to the junction conditions Eqs. (15) and (16) This strategy can be extended to the situation where such a body is given a uniform rotation about a fixed axis in space, as will be demonstrated below for a infinitely long uncharged dielectric cylindrical shell rotating about its axis of symmetry in an external uniform static magnetic field along this axis, and an uncharged dielectric sphere uniformly rotating about the direction of a uniform static electric field.
IV. MAXWELL'S EQUATIONS AND THE WILSON-WILSON PREDICTION
A cylindrical co-ordinate system in flat spacetime with coordinates (t, r, θ, z) is naturally adapted to the problem of a rigidly uniformly (right circular) rotating cylindrical shell of internal and external radii r 1 and r 2 . In these coordinates the metric tensor on spacetime takes the form:
and the laboratory reference frame is defined by the unit timelike vector
In order to solve this problem consider first an ansatz for the Maxwell 2-form F in inside the dielectric, r 1 < r < r 2 :
where α(r) and β(r) are functions to be determined. The above ansatz is chosen to yield a stationary radial electric and stationary axial magnetic field in the rotating shell. Since , the cylinder's bulk 4-velocity field is, in these coordinates,
The excitation two-form in the cylinder follows immediately from Eq. (11):
This is now substituted into the second equation in Eq. (4) with j = 0 (since the medium is uncharged) to determine α(r), β(r). With ǫ r and µ r constant, the resulting first order ordinary differential equations are trivially soluble for α(r) and β(r) in terms of two constants of integration, C 1 and C 2 , giving:
Any ansatz for F out in the vacuum regions, 0 < r < r 1 and r > r 2 must include the applied magnetic induction field of constant magnitude B 0 and satisfy d F out = 0. Additionally, as there are no free charge sources, we know that there can be no radially-directed electric fields in the vacuum. The exterior ansatz is thus
In the vacuum G out = ǫ 0 F out so d ⋆G out = 0 also. The outer and inner interfaces between the rotating cylinder and the vacuum are the hypersurface Φ 2 ≡ r − r 2 = 0 and Φ 1 ≡ r − r 1 = 0 respectively. The interface conditions Eqs. (15) and (16), together with the absence of sources in the vacuum, immediately determine C 1 = 0 and
Thus:
From these solutions, the 1−form fields e U , b U , d U and h U inside and outside the cylinder follow as: 
and from Eq. (13) these give rise to the bound charge 3−form
and bound current 2−form
respectively. The polarisation current 2−form is equivalent to an azimuthal directed current vector field with magnitude J U /(dz ∧ dr) while the scalar charge density induced by the rotation induced polarisation isρ U /(dz ∧ dr ∧ r dθ). The physical origin of the rotationally induced electric and magnetic fields can be associated with these rotationally induced sources.
In the experiment the velocity of any point with radius r in the cylinder was nonrelativistic. For r 1 < r < r 2 the above exact solutions yield to leading order in r Ω/c
The non-relativistic electric field above is in full agreement with the prediction of Wilson and Wilson.
V. FURTHER APPLICATIONS

Röntgen and Eichenwald carried out a series of experiments between 1888 and 1904
involving a thin dielectric disk that was rotated in a uniform static electric field directed along the axis of rotation. To detect an induced magnetic field various modifications were made to the disc and source of the electric field that make the system difficult to analyze analytically.
Furthermore a simplified system consisting of a uniformly rotating dielectric disc of finite thickness poses a challenging boundary value problem since in cylindrical coordinates one has interfaces at z = 0 and z = z 0 as well as at r = r 2 to consider. The authors are not convinced that a reliable exact analytic solution to this problem exists.
The case of a dielectric sphere of radius a, uniformly rotating about an axis determined by an external static uniform electric field is more amenable to analysis using Eqs. (4), (15) and (16) . Such a situation is illustrated in Figure 2 .
In this case one naturally works in spherical polar coordinates {t, r, θ, φ} in which g takes the form:
Again the general strategy proceeds as before by seeking external solutions to Eq. (4) in terms of a series of static electric and magnetic multipoles in spherical polar coordinates together with the external field and a regular internal solution that can be matched to the series at r = a using Eqs. (15) Motivated by the solution for a non-rotating uncharged dielectric sphere in an external static electric field along the Cartesian z−axis, of constant magnitude E 0 , a natural ansatz for A in and A out , to first order in a Ω/c, is
where K 0 , K 1 , P 0 and P 1 are constants independent of Ω. The first term in A in generates a uniform electric field and the second an interior (non-singular) spherical magneto-static quadrupole field. The first term in A out generates a uniform electric field, the second generates an exterior spherical electrostatic dipole field and the third term generates an exterior spherical magnetostatic quadrupole field. Inserting these into Eq. (4) and applying the junction conditions at r = a yields:
(r sin θ dθ + 2 cos θ dr) 
to first order in a Ω/c. The same method can also be used to find an approximate analytic solution for a dielectric sphere uniformly rotating in an external magnetic field.
VI. CONCLUSIONS
The representation of Maxwell's equations in terms of differential forms on spacetime together with junction conditions at moving interfaces associated with simple hypersurfaces offers a conceptually straightforward way to formulate problems in the electromagnetics of moving media. This approach has been illustrated by revisiting the debate initiated by the concerns raised by Pellegrini and Swift about the Wilson-Wilson experiment. It is to be noted that the calculation of the basic solutions benefits from working directly with the forms F, A and G on spacetime rather than electric and magnetic fields on space and the bound sources J U , ρ U encoded in the polarization form Π. The structure of the polarization and magnetization sources can aid one's physical intuition about the origin of the fields induced by moving media once these solutions have been obtained. Throughout our analysis no direct use has been made of Lorentz transformations between inertial reference frames.
Essential use has been made of local reference frames at each event in spacetime associated with the medium and local frames associated with observers. In this manner there is no restriction on the physical motion of either local observers or the motion of the medium.
For the analysis of the experiments discussed in this note (where gravitational effects are irrelevant) laboratory observers have been chosen to be globally inertial while the medium has been assigned a (uniform) rotary acceleration. The method has also been applied to the computation of the fields induced when a polarisable sphere rotates in a uniform static electric field following a general procedure that can be used to generate solutions as an expansion in powers of the rotation speed.
In our view a clarification of the role of special relativity in dealing with the WilsonWilson debate offers several insights for understanding more generally the electromagnetic response of accelerating media.
